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New Approach to Constrained Shape Optimization
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A robust genetic algorithm for constrained functional optimization is described. The function being sought is
represented both in a piecewise-linear fashion and in two different types of orthogonal series representations,
satisfying in each case speci� ed end conditions of both Dirichlet and Neumann types. The search for the optimal
function is translated to one of determining the coef� cients of a series expansion, and a genetic algorithm is
developed for this purpose. The method is validated in terms of test problems for which the global optimum
solutions are known. The results indicate that, if the population size of the chromosome pool is held constant, the
performance of the piecewise-linear-representation approach deteriorates considerably as the number of degrees
of freedom increases. In contrast, the orthogonal series representations do not suffer from this drawback, and a
signi� cant reduction in the population size can be achieved. Therefore, the latter methodology offers a far more
ef� cient approachto functionaloptimizationthan previouslyattempted. The developed methodologywasapplied to
the determination of an optimal micropump shape. The genetic algorithm uncovered shapes that were nonintuitive
but yielded vastly superior pump performance.

I. Introduction

T HE basic underlying principle of genetic algorithms (GAs)
is that of the Darwinian evolutionary principle of natural

selection,1 wherein the � ttest members of a species survive and
are favored to produce offspring. The � rst mathematically rigor-
ous formalism of evolutionary algorithms is due to Holland2 of the
University of Michigan. GAs have since been extensively used to
solve optimization problems where conventional methods are ei-
ther inapplicableor inef� cient. In the context of GAs, the members
of a species may be regarded as candidate solutions to a problem
under investigation. Note in GAs, the concept of a species is su-
per� cial, having no tangible context in nonbiological applications.
The members are ranked according to how well they satisfy a cer-
tain criterion, and the � ttest members are most favored to combine
amongst themselvesto form the next generationof members, which
then replace the preceding generation. The idea behind this is that
� tter members tend to produce even � tter offspring, which repre-
sent better solutionsto the problemat hand. The literatureon GAs is
exhaustive; the books by Holland3and Goldberg4 provide an excel-
lent introduction to the subject. The reader is referred to Goldberg
et al.5 and to Chambers6 for extensive bibliographies.This paper is
not intended to provide a comprehensiveintroductionto the subject,
and it is assumed that the reader has at least a cursory knowledge
of the basic features of genetic algorithms. The primary objective
of the present work is to introduce a new ef� cient approach to con-
strained shape optimization using a GA. Before going into some of
the speci� cs of GAs, we will outline a class of problems to which
they are particularly suited.

A. Shape Optimization Problem
Many practicalproblems involve the determinationof an optimal

shape. The ballistic trajectories of missiles provide an example, as
do the shapes of airfoils that maximize lift-to-drag ratios or vehi-
cle con� gurations that minimize skin-friction and pressure drag. In
many cases variational methods can be used to determine the opti-
mum shape,providedanappropriatevariationalprincipleexists.The
ef� cacy of variationalmethodshasbeendemonstratedin thecontext
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of the well-known Brachistochrone problem, proposed by Johann
Bernoulli in 1696. Most shape optimization problems of practical
interest, however, are not amenable to the method of variationalcal-
culus, and recourse to methods involving a discrete representation
of the shape to be determined is necessary. In such methods, the
nature of the objective functional I is changed from I : C[a b] R
to I : RN R, so that the shape optimization problem is reduced to
a � nite dimensionalone. Here, C[a b] is the space of all continuous
functions in the interval [a b], and RN is an N -dimensionalHilbert
space.

Gradient-based optimization methods require computations of
both the objective functionaland its derivativeswith respect to each
of the degrees of freedom characterizing the shape. This is often
not possible in practice and otherwise tends to be CPU intensive
when the functional I is expensive to compute. A deterioration in
performance of gradient/Hessian-based algorithms is often evident
as the number of degrees of freedom increases. Another limitation
is that the gradient methods invariablyyield a local and not a global
optimum. Some of the dif� culties of gradient-based optimization
methods can be alleviatedby using discretesensitivityanalysis.Re-
cently, Burgreen and Baysal7 used this approach in the context of
aircraft wing design based on the Euler equations. In their analysis,
the wing shapewas approximatedby a Bezier–Bernsteinparameter-
ization. The predicted wing shapes were nonintuitivebut plausible,
but may be regarded at best as local optimum solutions.

For shape optimization, the major advantages of GAs may be
summarized as follows. 1) They search from a population and not
from a single parameter set. 2) They are capable of searching for
solutions from disjointed feasible domains. 3) They are capable of
locating global, as opposed to local, optima. 4) They can operate
on irregular functions and those that are nondifferentiable.5) They
do not require the computations of gradients and determinants of
Hessian matrices. 6) They operate on an encoding of the parameter
set and not on the parameters themselves. Thus, they are capable
of handling Boolean variables and those that vary between a few
discrete states.

B. Review of Relevant Literature
Bechert8 provides an interesting summary of the early use of

evolutionary strategies for experimental shape optimization in the
contextof � uid dynamics.The approachesusedwere very similar to,
and sharemany of the characteristicsof, moderngeneticalgorithms.
Using such a technique, Klockgether and Schwefel9 attempted to
� nd the optimal shape of a supersonicnozzle. The shape of the noz-
zle was varied in the experiment through a � exible assemblage of
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rings of varying diameter. The shape that eventually resulted from
the evolutionaryexperimentwas nonintuitiveand could only be ex-
plained in hindsight. Rechenberg10 used a six-parameter model to
determine the optimal shape of an elbow. Evolutionary strategies
were also used in the experimentsof Hillebrandet al.11 to search for
the optimalshapeof a centrifugalfan casing.More recently,Davalos
and Rubinsky12 used a GA to solve the one- and two-dimensional
transient diffusion equations. However, their crossover procedure
exchangedentire alleles, and this appears to have necessitated inor-
dinately large population sizes in relation to the simplicity of their
test problems. Using an adaptive solution methodology based on
GAs, Queipo et al.13 determined the optimal con� guration of elec-
tronic components in printed-circuit-board networks.

Applications of GAs in the context of the aerospace sciences
have been the focus of considerable recent attention. The research
of Gage and Kroo14 applied GAs to the topological design of non-
planarwings. Anderson15 used a penaltyweight approachto consol-
idate several differentsubsonic-wing-designobjectives into a single
objective functional,but has noted that the solutionshad an undesir-
ably strong dependenceon the weights. As an alternative,Anderson
and Gebert16 describeda multiobjectiveapproachto determiningthe
optimal values of seven parameters characterizinga subsonic wing
shapeusingaPareto-GAwith two differentobjectivefunctions.Very
recently, Doorly et al.17 used a parallel GA in conjunction with a
� ow solver to determine optimal airfoil shapes approximatedusing
a B-spline. The population size in the latter two studies was 80 and
this number seems to be typical of research involving shape opti-
mization using GAs. Other recent examplesof the use of GAs in the
context of airfoil design are the studies of Yamamoto and Inoue,18

Obayashi and Oyama,19 and Oesterle.20

C. Objectives
Large population sizes (80–100) appear to have been necessary

in the preponderant majority of shape optimization studies using
GAs. The major contribution of the present study is a methodol-
ogy wherein a signi� cant reduction in the population size can be
achieved regardlessof the number of degrees of freedom character-
izing an optimal shape. This is achieved by using a discrete series
representation that exploits the exponential convergence character-
istics of orthogonalbasis functions.A GA is developed in conjunc-
tionwith three typesof discreteseriesrepresentationsof the function
to be determined. The � rst is a piecewise-linear approximation to
the function,the seconda Fourier series representation,and the third
type uses the Chandrasekhar–Reid orthogonal functions21 satisfy-
ing four end conditions. Thus, the search for the optimal shape is
translated to a search for the correspondingoptimalvector of coef� -
cients. It will be demonstrated that the major advantageof the latter
two representations is the ability to shift the search space for the
coef� cients from the physical space to a smaller one, where a more
ef� cient and focused search is possible. The present study also de-
parts markedly from other functional optimization studies in that a
verystrongemphasisis placedon the natureof the discreterepresen-
tation. In addition,the formulation is extendedto accommodatevar-
ious types of end constraints as well as a global equality constraint.
Finally, an alternative to bit-string representation will be demon-
strated. This alternative retains the essential features of crossover,
and an algebraic equivalentof the mutation operator will be shown.

It will be shownthroughtestproblemsthatwhereasthepiecewise-
linear approach deteriorates in performance as the number of de-
greesof freedomincreases,the orthogonalseries approachdoes not.
The � rst test problemis that of � nding the curvewith least perimeter
that yields a speci� ed area in the Cartesian plane. The next example
problem demonstrates how a GA can be used to solve heat diffu-
sion problems by minimizing a variational integral to obtain the
temperature pro� les. This is believed to be the very � rst systematic
approach to the problem of functional optimization using GAs. By
way of a practical application, we use the method to determine the
optimal design shapes of the viscous micropump proposed by Sen
et al.22 and shown schematically in Fig. 1.

A � nal note on the choice of the test problems is in order. They
have not been chosen to demonstrate the superiority of GAs over
traditional gradient-basedoptimization techniques. Such is not the
intent of the present study. Thus, test problems 1 and 2 were delib-

Fig. 1 Schematic of the basic viscous micropump.

erately kept simple so as to clearly illustrate the main aspect of this
study:namely, the advantagesof usingorthogonalseries representa-
tions of the shape (function) to be optimized, over piecewise-linear
discrete ones. Test problem 3 is more challengingand is a topic that
naturally arises in an area of current interest to the authors. Though
it can certainly be solved using other optimization schemes, the mi-
cropump problem provides us with a good test bed for developing
the present GA methodology.

II. Problem De� nition
In the presentstudy,we considerthe followingspeci� c functional

optimization problem. Determine the shape function f x x
[a b] that extremizes the functional I f x under one or more
equality constraints. We shall, without loss of generality, consider
a 0 and b 1. The constraints can be at the ends and/or global.
Possible end constraints are a mix of Dirichlet type and Neumann
type end conditions as follows: 1) f or its derivative speci� ed at
x a and at x b or 2) f and its derivative speci� ed at x a and
at x b. The global equality constraint is in the form

Nd

j 0

q j

p j

g j x
d j

dx j
f x dx C 1

where Nd is the number of continuous derivatives with respect to
x ; p j and q j [0 1] j ; g j x is a weighting function, and C is a
constant.

III. Function Discretization
Implementationof a functional optimization procedureon a dig-

ital computer usually requires a discrete representationof the func-
tion f x to be determined. Accordingly, we represent f x in a
generalized series representationas follows:

f x x
Nd f

j 1

a j j x 0 x 1 2

where Nd f is the number of degreesof freedom.The basis functions
j x are linearly independent,but do not in general satisfy the end

conditions. These are handled by an appropriate choice of the end-
constraint function x . The nature of the optimization problem
has now been translated to one of determining the optimal vector of
coef� cients, a a1 a2 aNd f . We considerthree typesof basis
functions,which are described in turn in the following subsections.

A. Piecewise-Linear Approximation (PLA)
Here the function f is represented by a series of line segments

connectedat the ordinatesak , k 1 2 Nd f . The basis function
is

j x
x j 1 x

x j 1 x j
x [x j x j 1 j [1 Nd f 1]

x x j 1

x j x j 1
x [x j 1 x j j [2 Nd f ]

0 otherwise (3)

where x j [0 1], such that x1 0, and xNd f 1. If the end condi-
tionsare of theDirichlet type, then a1 f0, aNd f f1, and x 0.
If theyareof theNeumanntype, thena1 and aNd f are related to a2 and
aNd f 1 , respectively, through the � nite difference approximations

a1 a2 f0 x2 [x2] 4
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Table 1 Shape and end-constraint functions corresponding
to various end conditions

j x
Case x 0 x 1 j 1 2 Nd f x

1 f 0 f0 f 1 f1 sin j x 1 x f0 x f1

2 f 0 f0 f 1 f1 sin[ 2 j 1 2 x ] f1x f0
3 f 0 f0 f 1 f1 cos[ 2 j 1 2 x] f1 f0 1 x

4 f 0 f0 f 1 f1 cos j x f0 x 1
2 f1 f0 x2

and

aNd f aNd f 1 f1 1 xNd f 1 1 xNd f 1 5

where the prime superscript denotes derivative with respect to x .
Here again x 0.

The piecewise-linear approximation (PLA) has the following
drawbacks.

1) The basis functions are not orthogonal.A large number of de-
greesof freedommay be requiredto capture intricateformsof f x .

2) Because of the C 0 continuityof the basis functions,dif� culties
could arise if higher derivatives of f x are present in the global
equality constraint. This point will be elaborated upon in Sec. V.B.

B. Fourier Series Approximation (FSA)
To avoid the drawbacks of the PLA, we consider the use of basis

functions that are orthogonal and form complete sets in C [0 1].
The correspondingrepresentation is a Fourier sine or cosine series
according to the types of end conditions that the function f x is
required to satisfy. Table 1 shows the appropriate choices of j x
and x when a single condition is imposed at each end. The forms
of x in Table 1 are the lowest degree polynomial expressions
satisfying the end conditions.If more than one condition is speci� ed
at either end, it must be treated as a local equality constraint. Note
that if either or both end constraints are not speci� ed in each case,
then the correspondingparameter, f or f , is free to � oat, i.e., treated
as an additional unknown.

C. Chandrasekhar-Reid Series Approximation (CRA)
In many practical situations, it is quite conceivable that both f

and f are constrained at the endpoints of the interval. For such
functions, the FSA is not as convenient, because both the basis
functions and their derivatives do not vanish at the endpoints and
two additional conditionshave to be implemented as local equality
constraints. As an alternative, therefore, we propose the following
basis functions that vanish at the endpoints along with their � rst
derivatives:

2 j x C j x j 1 2 Nd f 2
(6)

2 j 1 x S j x j 1 2 Nd f 2

where C j x and S j x are the Chandrasekhar–Reid functions21

de� ned by

C j x
cosh j 2x 1

cosh j

cos j 2x 1
cos j

7

and

S j x
sinh j 2x 1

sinh j

sin j 2x 1
sin j

8

where j and j j 1 2 Nd f 2, are, respectively, the � rst
Nd f 2 roots of

tanh
tan

1 9

and

coth

cot
1 10

Although not formally known as Chandrasekhar–Reid functions,
thesefunctionswere � rst developedby Chandrasekharand Reid21 to
solve eigenvalue problems arising in convective instability studies.
In their original work, C j x and S j x are de� ned in the interval
[ 1

2
1
2 ] and are, thus, referred to as even and odd functions.

The Chandrasekhar–Reid functions are orthonormal in the inter-
val [0, 1]. In addition,C j x and S j x are, respectively,symmetric
and skew-symmetricabout x 1

2 . The appropriateform of the end-
constraint function satisfying the speci� ed values of f 0 , f 1 ,
f 0 and f 1 is

x f0 x f0 x2 3 f0 f1 2 f0 f1

x3 2 f0 f1 f0 f1 (11)

If the problem calls for fewer than four end constraints, then the
unspeci� ed parameters have to be treated as additional unknowns.

In case f x is symmetric about x 2, all of the coef� cients of
S j x will be zero.Therefore,includingthem in theexpansionwould
result in a signi� cant amount of wasteful computation, and Eqs. (6)
and (11) should then be replaced by

j x C j x j 12

and

x fe fe x x2 13

where f0 f1 fe and f0 f1 fe . An analogous treatment
holds for the case of a function that is skew-symmetric about x 2.

IV. Binary Representation and Coef� cient Extraction
We have proposed three different types of basis functions in each

of which the optimizationproblemhas been reducedto one of deter-
mining the vector of coef� cients a of the resulting series expansion.
This section will explain how a GA can be used for that purpose. In
a GA, the vector of unknowns a is usually represented as a binary
chromosome of length at least Nbit Nd f , where Nbit is the length
of each substring of the chromosome. (Section VII demonstrates
an alternative to binary representation.) The binary chromosome
is longer if additional unknowns resulting from x are involved.
Each chromosome is composed of Nd f substrings of 0s and 1s,
each of length Nbit, which are used to encode the speci� c values
of the elements of a. The following schematic illustrates a binary
chromosome:

101011

J1 43

J2 32

100000010011

J3 19

J4 7

000111

which is a chromosome with Nd f 4 and Nbit 6.
Each binary substring of length Nbit represents an integer Jk ,

where 0 Jk 2Nbit 1. Thus,

Jk

Nbit

j 1

k
j 2Nbit j 1 k 1 Nd f 14

where k
j (which is either 0 or 1) represents the j th locus (or posi-

tion) of the kth binary substring.
For each basis function,we shall choose a mapping that gives the

value of ak for a given value of Jk . Speci� cally, the integer interval
[0 2Nbit 1] is mapped onto a set of real intervals [ pk qk ] for each
of the k modes. The rate of convergence of the GA is inversely
proportional to the width of each interval [pk qk]. The endpoints
pk and qk are chosen differently for each type of basis function. In
what follows, we discuss the method of coef� cient extraction for
each of them.

A. PLA
In the PLA, ak f xk so that pk and qk are the (presumably

known) lower and upper bounds fmin and fmax, respectively, of the
function f x in the interval [0 1]. Consequently, ak is recovered
from Jk according to

ak fmin
2Jk

2Nbit 1
1 fmax fmin k 1 Nd f 15
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B. FSA
In the context of the FSA, the ak are values of the Fourier coef-

� cients, which constitute a monotonically decreasing sequence at
least when the function being represented is continuous. We will
exploit this decay property to limit the search space for the coef� -
cients. Following Titchmarsh23 and Jeffreys and Jeffreys,24 ak are
extracted as

ak
A

k 0 1

2Jk

2Nbit 1
1 k 1 Nd f 16

where 0 [0 1] is the order of the Lipschitz condition

lim
h 0

[ f x h f x ] A h 0 x [0 1] 17

and A is some positive constant of [1]. Furthermore, as shown by
Jeffreys and Jeffreys,24

1 0 if 0 1, and 1 1 if 0 1 and
f x is of bounded variation in [0 1]. The existence and bound-
edness of f x everywhere in the interval are suf� cient but not
necessary conditions for 1 1 and for the Fourier coef� cients
to decay at least as fast as k 2 . Note that the additional unknowns
resulting from x are extracted according to Eq. (15) and not ac-
cording to Eq. (16). In the context of functional optimization, it is
obviously not known a priori what order of Lipschitz condition the
resulting function f x will satisfy. Thus, the function that evolves
out of the GA is also governed, to some extent, by the assumptions
of its continuity.

C. CRA
The � rst few coef� cients of a Chandrasekhar–Reid series expan-

sion decay relatively slowly. However, the coef� cients of the higher
modes tend to decay almost exponentially. These observations are
heuristic in nature being based on the coef� cients of the C j x and
S j x series approximationsof test functions.For the case of a gen-
eral function (neither symmetric nor skew-symmetric about x 2),
the coef� cients are recovered according to the criteria

a2k 1
A

k
2J2k 1

2Nbit 1
1 k 1 2 Nco

(18)
A
2
k

2J2k 1

2Nbit 1
1 k Nco

Nd f

2

for the coef� cientsof C j x with a similar expression for the coef� -
cients of S j x . In Eq. (18), Nco is the cutoff mode number at which
the decay criterion changes, typically about 5.

V. Global Equality Constraints
Most optimization problems involve one or more external con-

ditions that the optimal solution must satisfy exactly. In this study,
we restrict the analysis to the case of a single linear equality con-
straint,which can be expressed in the general form of Eq. (1). If this
global constraint is speci� ed as a linear combinationof f x and its
derivatives at discrete points in [0 1], then the weighting functions
take on the form of weighted Dirac-delta distributions.

A vector of coef� cients a a1 a2 aNd f
extracted from a

randomly selected binary sequence will not, in general, satisfy Eq.
(1). Therefore, some type of scaling of the vector a is needed.
Consider � rst the case

C C
Nd

j 0

d j x

dx j
0 19

Then a actually satisfying the constraint is a a , where the scale
factor is

C
Nd f

k 1

ak

Nd

j 0

q j

p j

g j x
d j

dx j k x dx 20

A. (Near-) Homogeneity in the Basis Functions
It is obvious from Eq. (20) that, when C is very close to or

equal to zero, the multiplicative scaling procedure described ear-
lier will yield the null vector. Therefore, for homogeneous or near-
homogeneousconstraints,we proposean additivescaling procedure
as follows:

ak ak Rk 21

where Rk 1 j [2 Nd f 1], for the PLA, and

Rk
ak

a1

22

for the FSA and CRA. Equation (22) preserves the decay of ak

determinedby Eqs. (16) and (18). Further, is some arbitrarilysmall
number introduced so that Rk 1 as ak 0 k. Accordingly,
is determined as

1
Z

C
Nd f

k 1

ak

Nd

j 0

q j

p j

g j x
d j

dx j k x dx 23

where Z is given by

Z
Nd f

k 1

Rk

Nd

j 0

q j

p j

g j x
d j

dx j k x dx 24

We recommend the multiplicative scaling procedure when C
[0 1] or greater, to retain the af� ne nature of the relation between

the post- and prescaling shapes.

B. Special Forms of the Integral in Equations (20) and (23)
In the case of the PLA, k x C0[0 1], which leads to the

question of interpretation of the integrand for j 0 in Eq. (1).
The expression for the integral corresponding to the j th derivative
is

I j k

q j

p j

g j x
d j

dx j k x dx
q j

p j

g j x d j 1
k x 25

where parenthesizedsuperscriptsdenote derivativeswith respect to
x . Owing to the discontinuities at the breakpoints, the integral in
Eq. (25) does not exist in the Riemann sense for j 2. However,
existence of the Stieltjes integral requires that k

j 1 x be of
bounded variation in [p j q j ]. This condition holds only for j 2
and accordinglyplaces the restriction Nd 2 in Eq. (1). For j 2,
integration by parts twice reduces Eq. (25) to

I2 k g2
1

k x
q2

p2

g 1
2 k x

q2

p2

q2

p2

g 2
2 k x dx 26

where the third term of the right-hand side (RHS) of Eq. (26) is a
Riemann integral, provided the weighting function g2 x has con-
tinuous second derivatives with respect to x .

In summary, the following observations may be made regard-
ing the implementation of equality constraints in the context of the
PLA. 1) Third and higher derivativescannot be handled. 2) Second
derivatives cannot be evaluated locally. 3) First derivatives can be
evaluated locally, if the points of evaluation do not coincide with
breakpoints.

VI. Fitness Evaluation and Selection Probability
The � rst step in the implementation of a GA is to set up a par-

ent population of Npop randomly generated binary chromosomes.
Once the coef� cients corresponding to a particular chromosome
have been recovered and scaled to satisfy the imposed constraints,
the objective functional I a can be evaluated for each of the Npop

chromosomes.The valuesof I are referred to as the raw � tnesses of
the chromosomes. The probability of selection, however, is based
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Fig. 2 Variation of the
tolerance schedule,
following de la Maza and
Tidor.25

on the values of the � tness function F[I a ], which in this study is
evaluated from the Boltzmann selection procedure25 as

F a exp[I a T ] 27

Parent Chromosome1 : 110111 001110 001001 010010
Parent Chromosome2 : 100101 010100 001011 101010

- -Locations of Shift Bits
Offspring Chromosome1 : 110101 010100 001011 010010
Offspring Chromosome2 : 100111 001110 001001 101010

where T is referred to as a tolerance parameter. It has been shown
that,whereastheBoltzmannselectionprocedureis invariantto trans-
lational shifts in the optimizationsurface, the proportionalselection
procedure, where F a I a , is not. Such a translational shift
is required, for example, to accommodate negative values of the
� tness function. A very high value of T can result in the same un-
desirable consequencesassociated with the dependence of propor-
tional selection to translational shifts. However, this parameter can
be controlledat will by the user, and an effectivevariation of T with
generation number can actually be used to control the performance
of the GA, as shown in Fig. 2. Initially, a higher tolerance is used
to maintain the diversity of the chromosome pool. If the number
and depth of local optima are large, then the initial tolerance should
be relatively high and the variation of T should be relatively small.
The tolerance is almost always decreased as the tendency toward
convergencebecomes apparent in later generations.

Once Fk a hasbeen evaluatedfor each of the Npop chromosomes,
an estimate of the probability of selection is

Pk Fk

Npop

j 1

F j k 1 Npop 28

Note thatthe Pk constituteaconvexset on theinterval[0 1]. (Notede
la Maza and Tidor25 use the average of the F j rather than their sum.
Consequently, their Pk are nonconvex and have to be scaled before
incorporation into the roulette-wheel procedure.) Clearly, chromo-
somes with larger � tnesses have a greater probability of selection.
This is the algorithmic analog of the Darwinian principleof natural
selection. In the context of a roulettewheel, the slot allocated to the
kth chromosome would subtend an arc of 360Pk deg.

VII. Reproductive Mechanisms
Crossover and mutation are the two dominant mechanismsof re-

production in a GA. We discuss in some detail how crossover is
adapted to the present shape optimization problem. An important
offshootof this section will be to demonstrate that bit-string encod-
ing is not an essential component of a GA.

A. Local Crossover
To achieve a more ef� cient search for the optimum solution vec-

tor, it is necessary that crossover be applied to each binary sub-
string of the chromosome pair selected for reproduction. A vector
of crossover points k is generated at random according to

ki 1 x [Nbit 1] 29

where x 0 1 is a random number, and roundoff to the closest
integer does not hold in Eq. (29), so that ki [1 Nbit i .

Now let i
1 j and i

2 j represent the j th loci of the i th binary sub-
strings of the � rst and second parent chromosomes. Likewise, let

i
1 j and i

2 j be the correspondingrepresentationof the � rst and sec-
ond offspring chromosomes. Local crossover then implies that the
binary substrings of offspring chromosomes are obtained from the
parent chromosomes in conjunction with the vector k according to

i
1 j

i
1 j j 1 ki

i
2 j j ki 1 Nbit

(30)
i

2 j
i

2 j j 1 ki

i
1 j j ki 1 Nbit

The following schematic shows how Eq. (30) is used to produce
offspring. For simplicity, Nd f 4 and Nbit 6. The vector of
crossover points is chosen at random to be k 2 1 3 5 :

which is a multiple-point crossover.
Now accordingto Eq. (14), the integer numberscorrespondingto

the i th binary substringsof the offspring chromosomes are

L1i

ki

j 1

i
1 j 2Nbit j

Nbit

j ki 1

i
2 j 2Nbit j 31

and

L2i

ki

j 1

i
2 j 2Nbit j

Nbit

j ki 1

i
1 j 2Nbit j 32

Adding Eqs. (31) and (32) yields

L1i L2i J1i J2i 33

where J1i and J2i are the integers corresponding to the i th parent
binary substrings, given by Eq. (14). It also follows from Eq. (33)
that, if Nbit bits are used to encode each coef� cient, then

max L1i L2i min 2Nbit 1 J1i J2i 34

and further that such that

L1i J1i 1 J2i 35

and

L2i 1 J1i J2i 36

Because of the linearity of the ai vs Ji relationships exempli� ed in
Eqs. (15), (16), and (18), Eqs. (35) and (36) also imply the following
statement in the present context of shape optimization using GAs:
The pairsof offspringcoef� cientvaluesresultingfromcrossoverare
random complementary linear combinations of the corresponding
pairs of parent coef� cient values.

A very signi� cant implication of the preceding statement is that
the need for bit-string encoding can be obviated, if the weighting
factor in Eqs. (35) and (36) is chosen such that the crossover
mechanism described earlier is replicated. This basically involves
the choice of an appropriate range of . Details are omitted for
the sake of brevity, but the preceding analysis clearly demonstrates
how an algebraic representation of crossover is possible. It was
found in trials that thechoiceof convexlinear combinationsto create
offspringresultedin a GA with superiorconvergencecharacteristics
to those using binary representation.
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Fig. 3 Mutation function
M(0 4 0 1 0 01 x) plotted
against the outcome of the
random number generator.

B. Mutation
In the context of binary representation, mutation is the random

switchingof bits (from0 to 1, or vice versa) in theoffspringchromo-
someswith the mutationprobability pm , which is typically [0 01].
If binaryrepresentationisnotused, thenmutationhas to besimulated
by an equivalent algebraic representation. We propose a mutation
function ak M z b u pm x , which acts on an offspring coef� -
cient z ak with probability pm to yield a mutated coef� cient ak .
This mutated coef� cient is bounded below by b ak min and above
by u ak max , the valuesof b and u correspondingto theappropriate
decay criterion established in Sec. IV.C. The speci� c form of M is

M b z b 1 exp
x

pm
x

1

2

z u z exp
2 1 x

pm
x

1

2
(37)

Figure3 showsa plotof M 0 4 0 1 0 01 x where x is theoutcome
of theuniformdistribution-basedrandomnumbergenerator.Clearly,
mutation is restricted to very narrow bandsof x , which is consistent
with the observations yielded by random bit switching in binary
representation.

C. Final Remarks
It is important that mutation precede the implementation of the

equality constraints. Once Npop offspring chromosomes have been
generated and mutated, they replace the preceding generation. The
so-called elitist strategy is employed, however, in that the � ttest
parent chromosome from each generation is automatically passed
on to the next generation.To maintain the number of the population
constant,one of the generatedoffspring is discardedat random.The
process of reproduction is repeated for several generations or until
a distinct tendency towards convergence to the global optimum is
discerned.

VIII. Test Problems
By way of two test problems, the optimal solutions of which are

known beforehand, the methodology developed in the preceding
sections will be validated.

A. Minimum Arc-Length-to-Area-Ratio Problem
The problemunder investigationis that of � ndingthe curvewhose

arc length is the least of all curvesenclosinga certainspeci� ed area.
Consider the function f x in the interval [0 1], such that f 1 0
and the area under the curve

1

0

f x dx A 38

where A is some � xed real number. We pose the shape-optimization
problem as the minimization of the arc length of f x x [0 1],

L f x
1

0
1 f x 2 dx 39

subject to the equality constraint Eq. (38) and the end constraint
f 1 0.

In the context of the PLA, the functional has to be modi� ed as
follows:

L a
Nd f 1

k 1

ak 1 ak
2 2 40

where 1 Nd f 1 is the distance between the equally spaced
breakpoints zk k 1 k 1 Nd f on [0 1]. Note that here
aNd f 0 owing to the end constraint but a1 is to be determined
along with the rest of the ak .

It is more convenient to maximize the functional

I a A L a 41

When A 4, the optimal shape of f x is known to be a circular
arc.

The � xed control parameters for the GA are chosen as follows:
populationsize 24,numberof bits/substring 10, crossoverprob-
ability 0.75, and mutation probability 0.05. The computations
involvedboth binary and nonbinaryrepresentations.No perceptible
differenceswere observed,con� rming the validityof the alternative
approach laid forth in Sec. VII.A.

1. Piecewise-Linear Approach
Figure 4 shows the evolution of the optimal shape for Nd f 5.

The plotted shapes are the � ttest of the 24 members in the popula-
tion at each generation and represent the average of 10 runs of the
GA. By the 25th generation, a distinct resemblance to a circular arc
is obtained and only marginal improvement is obtained beyond this
point. At x 1, the actual curve has an in� nite slope and with � ve
equally spaced points, it is not possibleto capture this behaviorwith
any reasonabledegree of accuracy.Nevertheless, the rather remark-
able closeness to the exact shape is consistentwith the observations
of Davalosand Rubinsky,12 who used a GA with a � ve-nodediscrete
representationto solve the one-dimensionalheat diffusion equation
with Dirichlet boundary conditions. Their computed temperature

Generation 1, I = 0 386

Generation 25, I = 0 493

Generation 75, I = 0 494

Generation 10, I = 0 489

Generation 50, I = 0 494

Generation 100, I = 0 494

Fig. 4 Evolution of the � ttest shape for Ndf = 5, using the PLA: - - - -,
exact shape (circular arc) and ——, � ttest shape at corresponding gen-
eration ( ).
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pro� les were likewise in very good agreement with the exact solu-
tions. Of course, their analysis did not have the present problem of
in� nite slope at the endpoint to reckon with.

2. FSA
Choosing odd cosine multiples of x 2 as basis functions

would be tantamount to cheating because this would presume a
zero slope at x 0, which we happen to know a priori. Therefore,
our approachhere is to use a Fourier sine series. The end-constraint
function is

x aNd f 1 1 x 42

where aNd f 1 is the value of f 0 and is solved for in tandem with
the rest of the ak .

Figure 5 shows the evolution of the optimal shape for Nd f 5.
It is noteworthy that f 0 has more or less converged by the 10th
iteration, and the rest of the coef� cients have readjusted themselves
to ensure that f 0 0. The in� nite slope at x 1 is still not ade-
quately captured, and this cannot be expected since the derivatives
of the basis functions have a � nite slope there.

3. Effect of Increasing Nd f

One would expect that, as more modes are considered, a closer
approximation to a circular shape would emerge. Figure 6 reveals,
however, that thismay not be true in thecase of the PLA. The plotted
shapes are the � ttest shapes at the end of the 100th generation. A
consistent deterioration in performance of the GA is seen as Nd f

increases.Although it is conceivablethat the shapes may eventually
converge to that of a circular arc, this does not appear to justify the

Generation 1, I = 0 430

Generation 25, I = 0 496

Generation 75, I = 0 497

Generation 10, I = 0 494

Generation 50, I = 0 497

Generation 100, I = 0 497

Fig. 5 Evolution of the � ttest shape for Ndf = 5, using the FSA: ——,
exact shape (circular arc) and , � ttest shape at corresponding genera-
tion.

computationalexpense involved. In light of the results of Fig. 6, we
submit that the supersonic nozzle design obtained by Klockgether
and Schwefel9 using a similar approach is somewhat questionable
in terms of its claimed optimality.

Figure 6 also shows that unlike in the case of the PLA, the per-
formance of the GA does not deterioratewith increasing Nd f when
the FSA is used. As in the preceding case, the results of Fig. 6 rep-
resent the average of 10 runs of the GA. Clearly the search for the
coef� cients in Fourier space is a far more effective approach. It is
also noteworthy that far better agreement near x 1 is obtained in
almost all cases. For this problem, the values of 0 and 1 in the
decay criterion in Eq. (16) were both set to unity. Setting 0 1 is
justi� ed on the groundsof Lipschitz continuity.However the condi-
tion 1 1 requires that f x be of bounded variation everywhere
in [0 1]. Given that the circular arc clearly violates this latter re-
quirement at x 1, it is interesting that the shapes predicted by the
GA are nevertheless in remarkably good agreement with the exact
shape.

Figure7 showstheconvergenceof the � tnessfunction I f x for
Nd f 25, when the FSA is used. Also shown is the convergenceof
f 0 . The rapidconvergencecan be attributedin part to theuseof the
Boltzmann selection procedure in the analysis. The CRA was also
used and yielded resultsgraphicallyindistinguishablefrom those of
the FSA. These results are not presentedhere for the sake of brevity.

B. Heat Transfer in a Rectangular Fin
In this example,we demonstratethe ability of the GA to solve the

differential equation of heat diffusion. Our approach differs from
that of Davalos and Rubinsky12 in that our objective function is not
basedona � nitedifferenceapproximationof theenergyequationbut
directlyon a variationalprinciple.Steady heat diffusionin a constant

Ndf = 10

Ndf = 20

Ndf = 15

Ndf = 25

Fig. 6 Fittest shapes after 100 generations for various values of Ndf :
——, exact shape (circular arc); , FSA; and - - - -, PLA.

Fig. 7 Convergence of ——, the � tness function and- - - -, f (0) forNdf =
25, using the FSA.
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thermal conductivity� n exposedto invariantambient conditionscan
be expressed in dimensionless form as

d2

dx2
Bi 0 x [0 1] 43

where Bi is the scaled Biot number, Bi hL2 kt , and L and t are
the � n length and thickness, respectively.Also, h is the surface heat
transfer coef� cient, and k is the constant � n thermal conductivity.
The dimensionless temperature is de� ned as T T T0

T , where T0 and T are, respectively, the � n root and ambient
temperatures.Typical boundaryconditionsinvolve the speci� cation
of the � n root temperature and the assumption that the � n tip is
insulated.This translates to

0 1
d

dx
1 0 44

Straightforward integration yields the temperature distribution

x exp Bix exp Bi
sinh Bi x

cosh Bi
45

Equation(43) canalsobeposedasanoptimizationproblem,wherein
the optimal shape of the temperature distribution minimizes the
variational integral26 given by

I
1

2

1

0

d

dx

2

Bi 2 dx 46

subject to the equality constraint

d
dx

0 Bi
1

0

x dx 0 47

In terms of the basis functions and their derivatives, the global
equality constraint can be written as

Nd f

k 1

ak
d k

dx
0 Bi

1

0
k x dx C 48

Equation (48) is consistent with the basic form of the equality con-
straint, Eq. (1), such that Nd 1, p0 p1 0, and q0 q1 1.
The correspondingweightingfunctionsareg0 x Bi and g1 x

x , where is the Dirac-delta function. The value of the constant
C depends on the discrete approximation used. Accordingly, when
PLA, FSA, and CRA, respectively, are used,

C 0

2 Bi 3

[1 Bi 12 ] f0 Bi 2 1 f1 (49)

where f0 and f1 are additional unknowns in the case of the CRA.
Equation (46) can be recast as the objective functional

I 1
1

0

d

dx

2

Bi 2 dx 50

so that the problem is now one of maximization, subject to Eq. (48).
When the PLA is used, the � rst integral on the RHS of Eq. (50) is
evaluated as

1

0

d
dx

2

dx
Nd f 1

j 1

Nd f

k 1

ak k x j
2 x j 1 x j 51

by exploiting the constancy of k x between breakpoints. When
the FSA is used, the boundary conditions [Eq. (44)], suggest that
the appropriate basis functions are sines of odd multiples of 2

Ndf = 5 Ndf = 10

Ndf = 15 Ndf = 20

Fig. 8 Temperature pro� les after 100 generations for Bi = 6 and var-
ious values of Ndf : ——, exact shape (circular arc); , CRA; and - - - -,
PLA.

Fig. 9 Convergence of
——, the objective
functional I; , f0;
and - - - -, f1 (right axis)
for Bi = 6; CRA
with Ndf = 10.

and theequalityconstraintreducesto a homogeneouslinear equation
in k when Bi 6.

The � xed control parameters for the GA are chosen as follows:
population size 12, number of bits/substring 10, crossover
probability 0 97, and mutation probability 0 1.

Figure 8 shows the effect of increasing Nd f when the CRA and
PLA are used. In the context of the FSA, the value of Bi 6 was
chosento test theef� cacyof theadditivescalingproceduredescribed
in Sec. V, when a homogeneousequalityconstraintoccurs.The FSA
yielded results graphically indistinguishablefrom the CRA (and for
that matter from the exact shape) and in the interest of clarity is
not plotted. All of the results re� ect the average of 10 runs of the
GA with both binary and nonbinary representations. It is encour-
aging, however, that the additive correction procedure works very
well. Con� rming the observationsof the precedingtest problem, the
PLA is seen to perform very poorly, especiallywhen Nd f increases.
The rapid convergenceof the CRA is noteworthy, despite the pres-
ence of the two additional unknowns f 0 and f 1 arising from
Eq. (11).

The convergenceof f1 and f0 , aswell as the functional I , is shown
in Fig. 9 when the CRA is used with Nd f 10. The temperature
gradient at the � n root converges somewhat earlier than the tip root
temperature. No explanation, however, can be volunteered for this
behavior.

IX. Application to the Micropumping Problem
Sen et al.22 proposed the mechanism shown in Fig. 1 to pump

� uids in microducts. The device essentially consists of an eccen-
trically placed rotating cylinder A in a parallel-plate channel. The
� xed lower wall is B in Fig. 1, and the upper wall C is adjustable.At
very low Reynolds numbers, viscous action is the dominant mech-
anism and the pump has been shown both experimentally22 and
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numerically27 28 to generate bulk velocities as high as 10% of the
rotor surface speed. In the presence of a load acting on the pump,
however, smaller plate spacings were shown to yield higher � ow
rates. This led us to consider the existence of an optimal shape of
the upper channel wall, such that the � ow rate was a maximum. We
use the GA described here for this purpose.

A. Mathematical Model
The following (dimensionless) geometric and dynamic parame-

ters may be de� ned, with regard to Fig. 1,

s h a (52)

hU a h

2a
(53)

L hL 2a (54)

p 4
P2 P1 a2

2
(55)

where the subscripts1 and 2 denote the inlet and exit stationsof the
channel. Further, P is the static pressure, and and are, respec-
tively, the � uid density and kinematic viscosity.

The objective functional for this problem is the bulk velocity

u
2h

y 0

u L y dy 56

where u L y is the streamwise velocity pro� le at the exit station
x L of the duct. Here, all quantities are nondimensionalized

with the rotor diameter 2a and surface speed a as length and
velocity scales, respectively.

B. Solution Methodology
The velocity vector � eld u x is obtained along with the

(scalar) pressure � eld p x , from the numerical solution of the
constant-property, two-dimensional, steady Navier–Stokes equa-
tions in the arbitrarily shaped domain shown in Fig. 10. A gen-
eralized nonorthogonal curvilinear coordinate system was used
in conjunction with a nonstaggered grid arrangement. Elliptically
generated grids were deployed, as shown in Fig. 10. The power-
law differencing scheme of Patankar29 used here, reverts to cen-
tral differencing on account of the low cell-Reynolds numbers in-
volved. Pressure–velocity coupling was achieved with a hybrid
PISO-SIMPLER algorithm, and the ensuing system of linearized
equations was solved using a line-by-line tridiagonal-matrix algo-
rithm. Additional informationregarding the computationalmethod-
ology is available in Ref. 30 or 31.

Parabolic velocity pro� les were imposed on the inlet and outlet
boundaries, and no-slip conditions at the upper and lower walls.
The 32 27 grid used for all computations is admittedly coarse,
but is consideredsuf� cient for the purposesof demonstrationof the
GA methodology. The computations are performed for s 1 1,

max 0 97, Re 1, and p 10. When the upper plate is � at
[ak 0 k, in Eq. (57)], the bulk velocity is 0.0485 times the rotor
surface speed a. It is envisaged that shapes other than the trivial
(� at) shape could yield much higher bulk � ow rates.

In the context of the GA each of the chromosomes in a particular
generation corresponds to a particular wall shape. We shall restrict
ourselves to functions that are Lipschitz of order 1 and differen-
tiable everywhere in [0 1]. Consequently,we set o 1 1. Our
rationale for doing so is based on the intuitive notion that kinks
in the upper wall could only result in adverse pressure gradients
and, at Reynolds numbers beyond the Stokes regime, in � ow sep-
aration. The control parameters for the GA were: population size

Fig. 10 Elliptically generated grid used for the micropumping prob-
lem.

Fig. 11 Convergence
history of the GA
for the micropumping
problem for Re = 1, s = 1 1,
and max ; FSA with
10 Fourier modes.

a) Base case (u = 0 0485)

b) Generation 1, (u = 0 0577)

c) Generation 5, (u = 0 1087)

d) Generation 10, (u = 0 1138)

e) Generation 25, (u = 0 1187)

f) Generation 50, (u = 0 1217)

Fig. 12 Evolution of optimalmicropump shape using the FSA forRe =
1, s = 1 1, and max.

12,numberofFouriermodes 10,numberof bits/substring 10,
crossover probability 0 97, and mutation probability 0 1.

Note that there is no global equality constraint in this problem. It
is readilyenvisagedfrom the resultsof the precedingsection that the
PLA is not suitable; it would be very dif� cult to capture the optimal
shapes with only 10 degrees of freedom and rather large population
sizes would be required, which detracts from the major objectiveof
thepresentstudy.Therefore,we shall useonly theFSA and theCRA.

C. FSA
The upper wall shape is approximated as

y x 2 h
Nd f

k 1

ak cos 2k 1
2

x

L
x L L 57

where we have assumed symmetry about x 0. Trial runs of the
GA with general shapes invariably yielded symmetric ones.

Figure 11 shows the convergencerate when the FSA is used. The
bulk-velocity functional of Eq. (56) is quite expensive to compute,
and this did not permit several runs with different values of the
controlparameters.In any case, rather rapid convergenceto what we
believe is the global optimum is reached in less than 50 generations.
This corresponds to 551 objective functional evaluations (Neval

Ngen [Npop 1] 1).
Figure 12a shows the base case with a � at upper wall. The evo-

lution of the optimal pump shape is shown in Figs. 12b–12f. Also
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a) Base case (u = 0 0485)

b) Generation 1, (u = 0 0995)

c) Generation 5, (u = 0 1041)

d) Generation 1, (u = 0 1042)

e) Generation 15, (u = 0 1051)

f) Generation 20, (u = 0 1082)

Fig. 13 Evolution of optimal micropump shape using the CRA for
Re = 1, s = 1 1, and max .

shown are the computed streamlines, as well as the bulk velocity
for each case. The determined shapes are nonintuitive but physi-
cally plausible. Further computations probably on � ner grids may
be required, however, before an interpretationof the results can be
made based on the physics of the problem. In the vicinity of x 0,
the effects of the changes from generation to generation are quite
signi� cant as evidenced in the values of the bulk velocities. The
two corotating vortices surrounding the rotor are quite large for the
tentative shape correspondingto the � rst generation.These vortices
tend to act as blockages in the � ow path. In subsequentgenerations,
however, the evolution of the humps on either side of the rotor has
the effectof reducingthe sizeof thesevortices,resultingin increased
� ow across the pump. The GA has resulted in wall shapes that yield
2.5 times the original bulk velocity.

D. CRA
Despite recent impressive advances in the technology of

microfabrication,32– 34 the rather complex shapes characteristic of
Fig. 12 could pose dif� culties in terms of actual fabrication. We,
therefore, explore the use of shapes with gentler slopes, without a
severe drop in performance. As a means of achieving this, we use
the CRA with the additional conditions that y L y L 0.
Figure 13 shows the rather rapid evolution of the optimal shapes
when this approach is employed. Insigni� cant changes were ob-
served past the 20th generation.Note that the conditions y L
y L 0 do not penetrate into the channel and are not apparent
even at the channel extremities owing to the relative coarseness of
the grids therein.Comparing the labels of Figs. 12f and 13f, we � nd
that a slightlymore than 10% drop in the bulk velocity resultswhen
the additional constraints associated with the CRA are imposed.
However, the � ow rate in the pump correspondingto Fig. 13f is still
more than twice that of the plane upper-wall shape corresponding
to s 1 1. This, coupled with the comparable ease in microfabri-
cation of the shapes in Fig. 13, makes them the preferable optimum
pump shapes.

X. Conclusions
A robust genetic algorithm for constrained functional optimiza-

tion has been described. The desired objective of using much
smaller population sizes than those typical of earlier studies was
accomplished. The function being sought was represented both in
a piecewise-linear fashion and in two different types of orthog-
onal series representations, satisfying in each case speci� ed end

conditions of both Dirichlet and Neumann types. In addition, the
imposition of a linear global equality constraint was described in
the context of all three types of representation.The search for the
optimal function was translated to one of determining the coef� -
cients of a series expansion and the developed GA was modi� ed
accordingly.The Boltzmann selection procedure was used to more
effectively search for the global optimum. The method was vali-
dated in terms of two test problems for which the global optima are
known a priori. With the orthogonalseries representations,accurate
results were obtained using population sizes an order of magni-
tude smaller than those used in previous studies. This is perhaps
the most signi� cant contribution of this paper because it offers an
approach that can drastically reduce the number of often expensive
functionalevaluations.The resultsalso indicatethatif thepopulation
size of the chromosomepool is heldconstant, theperformanceof the
piecewise-linear-representationapproachdeterioratesconsiderably,
with an increase in the number of degrees of freedom. The Fourier
series representationand the CRA do not suffer from this drawback
and were found to be far more ef� cient approaches to functional
optimization. A GA was employed to determine the optimal mi-
cropump shape. The GA uncovered shapes that were nonintuitive,
but ones that yielded vastly superior pump performance compared
to the trivial (� at) upper-wall shape.Finally, an alternativeto the tra-
ditionalapproachof binary representationhas beendemonstrated.It
is speci� cally shown that the offspringcoef� cients are merely com-
plementary linear combinations of the parent ones. Future studies
will explore the convergencecharacteristicsof GAs that use convex
linear combinations to mimic binary crossover, as some prelimi-
nary trials have indicated superior performance. In parting, the use
of orthogonal series representations are by no means restricted to
GAs. Thus, the most important results of the present study may be
exploited in the context of optimizationalgorithmsother than GAs.
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